Abstract. Bonet and Cascales [Non-complete Mackey topologies on Banach spaces, Bulletin of the Australian Mathematical Society, 81, 3 (2010), [409][410][411][412][413], answering a question of M. Kunze and W. Arendt, gave an example of a norming norm-closed subspace N of the dual of a Banach space X such that μ(X, N ) is not complete, where μ(X, N ) denotes the Mackey topology associated with the dual pair X, N . We prove in this note that we can decide on the completeness or incompleteness of topologies of this form in a quite general context, thus providing large classes of counterexamples to the aforesaid question. Moreover, our examples use subspaces N of X * that contain a predual P of X (if exists), showing that the phenomenon of noncompleteness that Kunze and Arendt were looking for is not only relatively common but illustrated by "well-located" subspaces of the dual. We discuss also the situation for a typical Banach space without a predual-the space c 0 -and for the James space J .
Introduction
The Mackey topology μ(E, F ) on E associated with a dual pair E, F is the topology of uniform convergence on the family of all absolutely convex w(F, E)-compact subsets of F , where w(F, E) denotes the restriction to F of the pointwise convergence topology on R E . By the MackeyArens theorem (see, e.g., [9, Sec. 21.4(2) ] or [2, Theorem 3.41]), this is the strongest locally convex topology on E that is compatible with the dual pair E, F (i.e., has the property that the dual space of (E, μ(E, F )) is F ). Of course, the norm topology of a normed space X coincides with the Mackey topology μ(X, X * ) due to the w * -compactness of the closed dual unit ball.
A topological vector space (E, T ) has an associated uniformity that induces its topology T . Such a uniformity satisfying the additional requirement that it has a base of translation-invariant entourages is determined uniquely. This base is simply {N U : U ∈ B}, where B is a base of absorbing balanced neighborhoods of 0 in (E, T ) and
Accordingly, every topological vector space can be embedded in a smallest complete topological vector space ( E, T ), its completion, which is unique up to topological isomorphism (for this and related results and for the terminology, see, e.g., [9, Secs. 15.2 and 15.3] ). Grothendieck gave a characterization of the completion of a locally convex space (see, e.g., [9, Sec. 21.9]), which, when applied to (E, μ(E, F )), reads as follows:
(G) The completion of (E, μ(E, F )) can be identified with the set of all linear functionals
In particular, (E, μ(E, F )) is complete if and only if, given a linear functional f : F → R whose restriction to any absolutely convex w( then (X * , μ(X * , X)) is always complete, because for the norm continuity of a linear functional f : X → R its continuity on absolutely convex w(X, X * )-compact subsets of X is sufficient (this is a consequence of Krein's theorem); see, e.g., [9] or [2] .
Bonet and Cascales [1], answering a question by M. Kunze and W. Arendt, gave an example of a norm-closed 1-norming subspace P of the dual X * of a Banach space X such that (X, μ(X, P )) is not complete (a norming subspace of the dual of a Banach space X is a subspace P of X * for which there exists a C > 0 such that x C sup{ x, x * : x * ∈ P, x 1} for all x ∈ X ; it is called 1-norming if C = 1). . Since c 0 is the simplest example of a Banach space having no predual, these considerations give rise to the natural question of whether the most accessible · 1 -closed w * -dense subspaces H of the dual 1 , namely, hyperplanes given as the kernels of elements in ∞ \ c 0 , determine a complete or incomplete topology μ(c 0 , H). The answer is given by Corollary 13. We conclude this paper by considering the special case of a Banach space that has codimension 1 in its bidual-as in the case of the James space J .
Our notation is standard. In the locally convex space setting we adopt the Banach space terminology (for example, if E is a locally convex space, then E * denotes its topological dual, and if E, F is a dual pair, then w(E, F ) denotes the topology on E of the pointwise convergence on elements in F ). If X is a Banach space and Y is a subspace of X , then B Y denotes the unit ball of Y , i.e., B Y := Y ∩ B X , where B X is the closed unit ball of X . For other concepts and results used in this paper we refer the reader, e.g., to [2] .
Completeness in the Mackey Topology with Respect to Subspaces of the Dual Space
Let X be a Banach space. The topology μ(X, X * ) coincides with the topology induced by the norm, and so it is complete. Assume that X has a predual P ⊂ X * (a particular case of a 1-norming-and so w(X * , X)-dense-subspace of X * ). We mentioned in the introduction that μ(X, P ) is then complete. The question raised by Kunze and Arendt was whether μ(X, Y ) is complete for every norm-closed w(X * , X)-dense subspace Y of X * . Observe that even in the case of the existence of a predual P , the μ(X, Y )-completeness of X for a norm-closed subspace Y such that P ⊂ Y ⊂ X * is not guaranteed. It is true that if (E, T ) is a complete locally convex space and T is a stronger locally convex topology on E with a base of T -closed neighborhoods of 0, then (E, T ) is also complete (see, e.g., [9, Sec. 18.4(4)]); however, there is in general no reason for Y as above to ensure that μ(X, Y ) has a base of μ(X, P )-closed neighborhoods. A strengthening of the Kunze-Arendt question is then whether μ(X, Y ) is complete for every norm-closed subspace of the dual in between a predual P -if there is any-and X * . The example Y in [1] is not located this way.
Let X be a Banach space, and let P be a w * -dense norm-closed subspace of X * . We set K := {K : K is an absolutely convex w * -compact subset of X * }
and S := {x * ∈ X * : there exists a K ∈ K such that K ⊂ P ⊕ span{x * } and x
The set S certainly contains P .
